The moduli space of lattices of C is a Riemann surface of finite hyperbolic area with the square lattice as an origin. We select a lattice from the induced uniform distribution and calculate the statistics of the Teichmüller distance to the origin. This in turn identifies distribution of the distance in Teichmüller space to the central "square" punctured torus in the moduli space of punctured tori. There are singularities in this p.d.f. arising from the topology of the moduli space. We also consider the statistics of the distance in Teichmüller space to the rectangular punctured tori and the p.d.f and expected distortion of the extremal quasiconformal mappings.
Introduction.
In earlier work [11] we introduced a geometrically natural probability measure on the space of Riemann surfaces isometric to punctured tori. This distribution was induced from the cross ratio distribution of the vertices (selected randomly and uniformly from the circle) of an ideal quadrilateral identified as the fundamental domain of a rectangular punctured torus group (see §5 below). This was part of a more general programme to study "random" discrete groups of Möbius transformations, see [12, 13] . The cross ratio distribution allowed us to calculate the basic statistics of these random punctured tori, such as the length of the shortest geodesic and the conformal modulus. In fact the calculation of the conformal modulus from cross ratio is a difficult classical problem initiated by Hilbert and Klein, lies just beyond the theory of special functions, [7, 9, 10] and is intertwined with the Landau conjecture. Thus we obtained computationally based descriptions. However the probability distribution functions were real analytic. In this article we consider a reverse approach. The moduli space of punctured tori can be identified isometrically with the moduli space of lattices of C. That space is a finite area Riemann surface -S two-sphere with cone points of order two and three of hyperbolic area π 3 . Thus the normalised area measure will give us a uniform distribution on this moduli space. Here we calculate statistics of the distance in Teichmüller space to the "central" square puncture torus, the punctured torus obtained by identfying the sides of an ideal hyperbolic square. It is a little surprising that there are singularities in the p.d.f. arising from the topology of the moduli space. We then calculate the p.d.f. for distance to the rectangular punctured tori. We obtain results of which the following is a typical example.
(2,3∞) be a uniformly selected punctured torus. Then there is a K-quasiconformal homeomorphism f : T 2 * → Σ 2 * , with Σ 2 * a rectangular punctured torus, with 1 ≤ K ≤ √ 3. Moreover the expected value K of the distortion of the extremal quasiconformal mapping is K = 1.154 . . . with variance σ 2 K = 0.0219. Equation (5.15) gives closed form expressions for these numbers while the p.d.f. for the distortion of the extremal mapping is given in Theorem 5.14. In this case the extremal quasiconformal mapping is a real analytic diffeomorphism which is Lipschitz (with constant depending on K) in the hyperbolic metric. This result says that the distribution and statistics of random punctured are close to those of the (computationally approachable) rectangular punctured tori. We refer the reader to [4, 6, 8] for the theory of Teichmüller spaces, though our presentation is largely self-contained and does not use any of the deep theory that has been developed.
The moduli space of lattices.
A hyperbolic punctured torus T 2 * admits a covering of the form
where Λ is a group of translations of C, 2) and α, β ∈ C \ {0}, α/β ∈ R, are periods. When C \ Λ(0) is equipped with the complete hyperbolic metric, this induces a hyperbolic metric on T 2 * since Λ acts by isometry. Every conformal equivalence class of punctured tori can be obtained this way.
The SL(2, Z) action on the set of lattices allows us to normalise Λ to assume that α = 1 and that β lies in the fundamental domain Ω for the modular group acting on the upper half-plane,
3)
The moduli space of lattices is the Riemann surface of area π/3,
That is the Riemann sphere with a puncture and cone points of order two and three. When endowed with the hyperbolic metric all such S 2 (2,3,∞) are isometric. We denote the lattice with periods 1 and τ ∈ Ω by Λ τ .
A fundamental domain for SL(2, Z) (hatched outline) with three disks D(i, ) and D(i, 1).
3 The Teichmüller metric.
The extremal quasiconformal mapping f : C → C which commutes with the lattices Λ i and Λ τ , that is the mapping of least distortion, is the linear mapping
where ρ X denotes the hyperbolic hyperbolic metric of curvature −1 on the space X = D, H 2 . This formula relates the well know equivalence between the Teichmüller metric on the space of punctured tori and the hyperbolic metric of S 2 (2,3,∞) induced from H 2 since a lift of a quasiconformal mapping between punctured tori to C \ Λ τ (0) will be quasiconformal with the same distortion and will commute with the lattices.
There are three different types of hyperbolic disk about the cone point of order two (call it i * , as it is the projection of i ∈ H 2 ) in S 2 (2,3,∞) and we will analyse each case separately. When the radius is small, these hyperbolic disks are isometric with a disk in the hyperbolic plane modulo a rotation of order two preserving the disk. As soon as sinh(r) > it encloses the cone point of order three as well. The following easy lemma relates a hyperbolic disk to a Euclidean disk and is useful in making the calculations we need.
Since we are considering the uniform distribution on S .
In this case the unit circle includes a diameter of D H 2 (i, r) and we easily obtain
since the area of a hyperbolic disk of radius r is 4π sinh 2 (r/2), [3] .
The hyperbolic area measure on H 2 is |dz| 2 / m(z) 2 . Using Lemma 4.1 we first calculate the hyperbolic area of the set U = D cosh(r), sinh(r) \ Ω.
The hyperbolic area of Ω is π 3 and so the hyperbolic area we seek now is D(i, r) ) and as above we calculate this to be equal to
This last calculation provides us with the following theorem. Theorem 4.5. The Teichmüller probability distribution function is the Hölder continuous function , sinh In fact this holds to 6D as soon as r ≥ 5. Thus all moments exist and the expected value and variance can be calculated (numerically) to be equal to
We can interpret this result is the following way. We may take the logarithmic transformation of this probability distribution to get the p.d.f. for K = e d hyp (i * ,r) . Equation (4.6) tell us that for large K the p.d.f has
and so has no moments. However we could calculate the median, but we give a few nicer examples below.
Theorem 4.8. Let Σ 2 * denote the square punctured torus, isometric to (C \ Λ(0))/Λ with the hyperbolic metric on C \ Λ(0) and Λ = {z → z + m + in : m, n ∈ Z}. Let T 2 * be a uniformly selected random punctured torus and let K be the distortion of the extremal quasiconformal mapping f :
and Pr{K ≤ 10} = 0.904426 . . . .
Rectangular punctured tori.
Our limited understanding of the hyperbolic metric in the complex plane with lattice points Λ τ (0) removed means it is practically impossible to calculate other invariants, for instance, the lengths of the shortest geodesic in the punctured torus quotient space T 2 * (τ ) = (C \ Λ τ (0))/Λ τ from the modulus of a period. However this problem is computationally feasible when Λ is a rectangular lattice, see [5, 11] . Surprisingly general lattices are close to rectangular lattices. We want to quantify this in a probabilistic sense. First we give a description of the rectangular punctured tori.
The fundamental group of a punctured torus is free on two generators with more structure when we consider a representation as a Fuchsian group with geometric presentation a, b : [a, b] ∞ = 1 , that is the multiplicative commutator is parabolic with a and b hyperbolic. This group is represented in P SL(2, C) by
and the commutator is parabolic if and only if rs = 1, and then simplifies to
The matrices A and B represent the Möbius transformations
The fixed points of f are ±1 and those of g are ±i. Both f and g setwise fix the unit circle and act as isometrices of the hyperbolic disk D. The mappings f and f −1 identify the hyperbolic lines f = D ∩ {z : |z + √ r 2 + 1| = r} and f −1 = D ∩ {z : |z − √ r 2 + 1| = r}, and similarly g and g −1 pair g = D ∩ {z : |z + i √ s 2 + 1| = s}, and g −1 = D ∩ {z : |z − i √ s 2 + 1| = s}. When rs = 1 these four hyperbolic lines bound an ideal hyperbolic quadrilateral Q r,s in D that is a fundamental polygon for the group f, g acting on D. A rectangular punctured torus is any punctured torus conformally equivalent to D/ f, g . These surfaces are easily identified as they come from the opposite side pairings of an ideal quadrilateral by hyperbolic elements whose axes meet at right angles. On the surface, there are two hyperbolic lines based at the cusp, meeting at right angles at a finite point and which cut the surface into a quadrilateral.
In [11] we computed the probability distributions for various quantities such as the translation length of f and g based on the selection of a random ideal quadrilateral obtained by selecting the four vertices randomly and uniformly from S. This distribution is not the same as that arising from the uniform distribution on S 2 (2,3∞) , though they do share some similarities. ), and the length of its dual to the right.
We therefore now want to consider these things in regard of the uniform distribution in moduli space. We begin with some elementary hyperbolic trigonometry. The next result is immediate.
Corollary 5.5. The hyperbolic distance in H 2 between τ and |τ | is
Next, given r > 0 we wish to calculate the hyperbolic area of
where C(r) is defined in Lemma 5.3 and Ω is the fundamental domain described earlier for the action of SL(2, Z) on H 2 . First, given r then the angle between the edge of C(r) in the positive quadrant and the imaginary axis is η, and 
= tanh(r).
.
When a ≥ 1 the hyperbolic area of the piece Ω \ D(0, a) is A 1 where
The hyperbolic area of the piece between {|z| = 1} and {|z| = a} is
= 2 log(a) tan(η) = 2 sinh(r) log 1 2 tanh(r)
We have now established the following theorem. These calculations also give the cumulative distribution of the distance from a uniformly chosen random lattice to a rectangular lattice. We differentiate this function (to find a remarkably simple p.d.f.) and reinterpret the result in the next theorem. The cumulative distribution of the distortion of the extremal quasiconformal mapping from a random punctured torus to a rectangular punctured torus.
